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ABSTRACT
We alulate the mass of the lowest lying spin two glueball in N = 1 super Yang-
Mills from the dual Klebanov-Strassler bakground. We show that the glueball Regge
trajetory obtained is linear; the 2++ , 1−− and 0++ states lie on a line of slope
0.23 ( gs
2M
ǫ4/3
). We also ompare mass ratios with lattie data and nd agreement within
one standard deviation.
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1 Introdution and summary
The formulation of a gauge/string duality [1, 2℄ provides a new framework to study
onning phenomena. Several supergravity duals to onning gauge theories are known
[3, 4, 5℄. We will fous on the Klebanov-Strassler (KS) IIB supergravity solution [4℄
whih desribes N regular and M frational D3 branes on a deformed onifold spae
. This bakground is dual to a asading gauge theory with SU(M + N) × SU(N)
gauge group in the ultraviolet and ows, through a series of Seiberg-Witten dualities,
to SU(M) N =1 super Yang-Mills in the infrared. The glueball spetrum for 0++ and
1−− in the KS bakground was obtained in [6, 7℄. Reently the meson spetrum was
investigated in [8℄. In this paper we alulate the spin 2 glueball mass. The interest is
two-fold; it provides one more point in the Regge trajetory and allows us to ompare
mass ratios with lattie results.
Regge theory suessfully desribes a large quantity of experimental data[9, 10℄. It
predits that omposite partiles of a given set of quantum numbers, dierent only in
their spin, will lie on a linear trajetory
J = α0 + α
′
t
where J is the spin and t is the mass squared. Regge theory treats the strong intera-
tion as the exhange of a omplete trajetory of partiles. With the inlusion of a soft
pomeron, this approah suessfully desribes the high energy sattering of hadrons.
Understanding Regge theory from rst priniples is undoubtedly a remarkable hal-
lenge. In [11℄ it was noted that the glueball masses found in [6℄ provide an impressive
numerial math for the slope of the soft pomeron trajetory. The value obtained for
the Regge slope was alulated with two points ; 0++and 1−−. In this note we obtain
the mass of the 2++ glueball whih provides the next point on the Regge trajetory. The
eigenvalue found for the lowest lying spin two glueball is m2(2++) = 18.33 measured
in units of the onifold deformation,
ǫ4/3
g2sM
2α′2
. We nd that on a Chew-Frausthi[12℄
plot (J vs. m2) this value of the 2++ mass lies in the same line as the previously found
0++and 1−−. Thus, we show that the KS bakground predits a linear glueball tra-
2
KS model Lattie SU(∞) Lattie QCD4
m(0++∗)/m(0++) 1.84 1.91(17) 1.79(6)1
m(2++)/m(0++) 1.37 1.46(11) 1.39(4)2
Table 1: Glueball mass ratios alulated in the KS model and in two lattie simulations;
SU(∞)[13℄ and SU(3) [14, 15℄.
jetory, J = −2.29 + 0.23 t. Unlike the senario where glueball masses are identied
with lassial solutions of folded strings, here there is no a priori reason for the Regge
trajetory to be linear. That it turns out to be so is remarkable.
Finding the mass of the spin two glueball also ompletes the spetrum obtained by
Cáeres and Hernández [6℄ and allows us to ompare glueball mass ratios with lattie
results. Lattie data for D = 4 is not as abundant as for D = 3. Luini and Teper
explored the N → ∞ limit of SU(N) Yang-Mills theory in four dimensions [13℄. We
present their results in Table 1 and show that the agreement with supergravity results
obtained from the KS bakground is within one standard deviation. It is interesting
to inlude in the omparison lattie results for QCD in D = 4. Reently Morningstar
and Peardon[14℄ improved on their previous results [15℄ for the glueball spetrum of
QCD. Using state-of-the-art tehniques they determined the 0++and 0++∗masses in a
more reliable way; their results are also shown in Table 1.
It is worth noting that the supergravity theory we are onsidering is dual to an em-
bedding of N =1 SYM into IIB string theory, the agreement with non-supersymmetri
SU(∞) lattie results seems to indiate that, at least as glueball mass ratios are on-
erned, they are in the same universality lass.
To alulate the 2++ground state we solve the relevant eigenvalue problem nu-
merially using a shooting algorithm. This method is more aurate than W.K.B
approximation for low-lying states but is sensitive to the hoie of initial guess. Sine
the equation to solve is numerially deliate we rst solve the problem using W.K.B.
1
Preliminary result [14℄
2
[15℄
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We then use the eigenvalue found with W.K.B as initial guess in the shooting method.
2 The Klebanov-Strassler supergravity dual of N=1
Yang-Mills
The Klebanov-Strassler IIB supergravity solution [4℄ desribes N regular and M fra-
tional D3 branes on a deformed onifold. In the deformed onifold the onial singu-
larity is removed through a blow-up of the S3 of the base. The KS solution is rih
in interesting physial phenomena; exhibits onnement, hiral symmetry breaking,
dimensional transmutation, domain walls et. Here we will review some aspets of the
KS bakground neessary for the next setions (for a more detailed aount of the KS
bakground see [16℄ ).
The KS solution onsists of a warped deformed onifold transverse spae and non-
vanishing 3-form and 5-form uxes. The ten-dimensional metri takes the form,
ds210 = h
−1/2(τ)dxndxn + h
1/2(τ)ds26 (1)
where
h(τ) = (gsMα
′)222/3ǫ−8/3I(τ),
and
I(τ) ≡
∫
∞
τ
dx
(x coth x− 1)(sinh(2x)− 2x)1/3
sinh2 x
is a dimensionless funtion. The metri of the deformed onifold in its diagonal basis
is,
ds6
2 =
1
2
ǫ4/3K(τ)
[
1
3K3(τ)
(d2τ + (g5)2) + cosh2(
τ
2
)[(g3)2 + (g4)2]
+ sinh2(
τ
2
)[(g1)2 + (g2)2]
]
(2)
where
K(τ) =
(sinh(2τ)− 2τ)(1/3)
21/3 sinh(τ)
.
4
The self-dual 5-form eld strength may be deomposed as F˜5 = F5 + ⋆F5 where
⋆ F5 = 4gsM2(α′)2ε−8/3dx0 ∧ dx1 ∧ dx2 ∧ dx3 ∧ dτ ℓ(τ)
K(τ)2h(τ)2 sinh2(τ)
, (3)
and
F5 = B2 ∧ F3 = gsM
2(α′)2
4
ℓ(τ)g1 ∧ g2 ∧ g3 ∧ g4 ∧ g5 . (4)
The omplex three form is G3 = F3 +
i
gs
H3 with
F3 =
Mα′
2
{
g5 ∧ g3 ∧ g4 + d[F (τ)(g1 ∧ g3 + g2 ∧ g4)]} (5)
H3 = dB2 =
gsMα
′
2
[
dτ ∧ (f ′g1 ∧ g2 + k′g3 ∧ g4)
+
1
2
(k − f)g5 ∧ (g1 ∧ g3 + g2 ∧ g4)
]
. (6)
The funtions dening the three and ve form are
F (τ) =
sinh τ − τ
2 sinh τ
,
f(τ) =
τ coth τ − 1
2 sinh τ
(cosh τ − 1) ,
k(τ) =
τ coth τ − 1
2 sinh τ
(cosh τ + 1)
l(τ) =
τ coth τ − 1
4 sinh2 τ
(sinh 2τ − 2τ). (7)
We are interested in the infrared physis desribed by the KS bakground. Note that
I(τ) is non singular at the tip of the onifold, I(τ → 0) = a0 + O(τ 2) with a0 ≈ 0.71.
Thus, near τ = 0 the ten dimensional geometry is R3,1times the deformed onifold,
5
ds210 →
ε4/3
21/3a
1/2
0 gsMα
′
dxndxn + a
1/2
0 6
−1/3(gsMα
′)
{1
2
dτ 2 +
1
2
(g5)2
+(g3)2 + (g4)2 +
1
4
τ 2[(g1)2 + (g2)2]
}
. (8)
As τ → 0 the S3at the base remains nite while the S2 shrinks to zero. The
parameter ǫ2/3 has dimensions of length and measures the deformation of the onifold.
From the IR metri (8) it is lear that ǫ2/3also sets the dynamially generated 4-d mass
sale
ǫ2/3
α′
√
gsM
.
The glueball masses sale as mglueball ∼ ǫ2/3α′gsM .
3 Spin Two Glueball
Consider the metri,
gMN = g
KS
MN + hMN
where gKSMN is the Klebanov-Strassler bakground metri (eq. 1) and hMN denotes
utuations around this bakground. In order to simplify the equations of motion it
is standard proedure to make an expansion in harmonis on the angular part of the
transverse spae. In the present ase we are interested in infrared phenomena i.e. in
the τ → 0 region. In this region the angular part of the deformed onifold behaves as
an S3 that remains nite -with radius of order gsM at τ = 0− and an S2 whih shrinks
like τ 2 . Thus, for small τ it is appropriate to expand in spherial harmonis on the S3.
Note that as in [6℄, it is only for the expansion in harmonis that we onsider the base
to be S3; to solve the equations of motion we will ertainly onsider the full deformed
onifold bakground given by (1).
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After introduing the expansion in harmonis in the IIB supergravity equations
and keeping in mind that we are interested in utuations on the four dimensional
spae transverse to the deformed onifold we nd that the linearized equation for the
utuations is
− 1
2
∇λ∇λhij(τ, x¯) + 1
2
∇l∇ihlj(τ, x¯) + 1
2
∇l∇jhli(τ, x¯) =(
g2s
96
(
1
5
⋆ FKS5 · ⋆FKS5
)
− g
2
s
48
HKS3 ·HKS3 −
1
48
FKS3 · FKS3
)
hij(τ, x¯) (9)
where the ovariant derivative is with respet to the full KS bakground (1). Expanding
in plane waves,
gij(τ, x¯) = hij(τ)e
ikx,
a mode of momentum k has a mass k2 = −m2. The spin 2 representation of the SO(3)
symmetry in x2, x3, x4 is a symmetri traeless tensor. Choosing a gauge g1i(τ, x¯) = 0,
the utuation hij(τ) ( i, j = 1, 2, 3, 4) has ve independent omponents orresponding
to the ve polarizations of the 2++. As expeted, all ve satisfy the same equation of
motion and are thus degenerate. Denoting g(τ) ≡ h22(τ) = h33(τ) = h23(τ) = h24(τ) =
h34(τ) we obtain (see Appendix for details) from (9),
d2
dτ 2
g (τ) + A (τ)
d
dτ
g (τ) +
(
B (τ)− g
2
sα
2M2
21/3ǫ4/3
I(τ)G55(τ)k
2
)
g (τ) = 0 (10)
where,
A(τ) =
d ln(G99(τ))
dτ
+
d ln(G77(τ))
dτ
+
d ln I(τ)
dτ
and
B(τ) =
−2(1/3)
8I(τ)G77(τ)2
(1− F (τ))2 − ( d
dτ
k(τ))2 − 2
1/3
16G77(τ)G99(τ)
(k(τ)− f(τ))2 +
4(
d
dτ
F (τ))2 − 2
1/3
8I(τ)G99(τ)2
((
d
dτ
f(τ))2 + F (τ)2)
7
+
1
4I(τ)2
(
dI(τ)
dτ
)2
− 2
5/3l(τ)2
I(τ)2K(τ)4(cosh2 τ − 1)2
The funtions F (τ), k(τ), f(τ), K(τ), l(τ) are dened in setion (2). G77(τ)and
G99(τ) are redenitions of the bakground metri g
KS
MN(τ) suh that g
KS
ii (τ) = h(τ)
−1/2Gii(τ)
for i = 1...4 and gKSµµ (τ) = h(τ)
1/2ǫ4/3Gµµ(τ) for µ = 5...10 , they do not ontain di-
mensionfull quantities.
3.1 W.K.B approximation
Making a eld redenition,
g(τ) = ψ(τ)e−
1
2
∫
A(τ)dτ
we an write equation (10) in Shródinger form,
d2ψ(τ)
dτ
− V (τ)ψ(τ) = 0
V (τ) =
1
4
A(τ)2 +
1
2
dA(τ)
dτ
− (−g
2
sα
2M2
21/3ǫ4/3
I(τ)G55(τ)k
2 +B (τ)) (11)
Near τ = 0 the potential (11) behaves as
V (τ → 0) ∼ 2.699− (0.71)(0.218)m2
Thus, for suiently large m2 the potential is negative and there will be normal-
izable modes, Figure 1. The WKB approximation onsists in demanding that at the
turning point τo , the exponential solution on one side mathes the osillatory solution
on the other. The renormalizable modes are determined by the transendental equation
∫ τ0(m2)
0
√
|V (x)|dx = 3π
4
+ (n− 1)π
where n = 1, 2, 3...and τ0 is a root of V (τ0) = 0. Solving this equation numerially we
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V
m=0
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Figure 1: Potential V(τ) for dierent values of −k2 = m2
nd the rst eigenvalue
m20 = 21.90
where the mass is measured in units of the onifold deformation ǫ4/3.
3.2 Exat numerial solution of supergravity equations
Equation (10) is an eigenvalue problem that an be solved exatly by a variety of nu-
merial methods. The boundary ondition at innity is found by demanding normal-
izability of the states. Thus, we require that
∫ |g(τ)|2dx10 onverges and investigating
the asymptoti behavior of the equation we nd that at innity g(τ) ∼ exp(−4
3
τ).
Close to the origin we will demand the funtion to be smooth i.e
dg(τ)
dτ
∣∣∣
τ=0
= 0. There-
fore, we want to nd the eigenvalues k2 for whih there exits a solution of satisfying
the boundary onditions disussed above. We hoose to solve this problem using a
shooting tehnique. This method is very aurate for low lying states but requires an
initial guess for the eigenvalue. We used as initial guess the eigenvalue found in the
previous setion using a WKB approximation. The oeients entering the equation,
A(τ)and B(τ), involve ombinations of hyperboli funtions that make them extremely
9
sensitive to aumulation of numerial error. In order to overome this diulty we
alulate A(τ)and B(τ) with 20 digits of preision . With this tehnique we nd a very
stable eigenvalue,
m2(2++) = 18.33.
We did not nd any exited 2++∗ state, it is possible that the exited states are too
heavy for us to see them sine our ode was design to determine aurately the lowest
mode.
4 Spetrum and Regge slope
The low-lying glueball masses for the KS model found by Cáeres and Hernández [6℄
and the one obtained in this work are shown in the following table,
State Mass2/ǫ4/3
0++ 9.78
1−− 14.05
2++ 18.33
Table 3: Glueball masses for the KS model.
The Chew-Frautshi plot for the glueball trajetory obtained with these values is
shown in Figure 2. It is remarkable that the three states lie on a straight line. For
large quantum numbers it is known that glueballs an be identied with spinning
folded losed strings. In that approah a linear Regge trajetory is no surprise sine it
is built in the formalism. But in the present framework, where we identify masses with
eigenvalues of equations of motion, there is no a priori reason for the eigenvalues to lie
on a straight line. The fat that it is so is remarkable. The glueball Regge trajetory
obtained from the KS model is
J = −2.2 + 0.23 t
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Lattie data for the interept of the glueball trajetory is inonlusive. While
Morningstar and Peardon nd a negative interept [15℄, Teper nds a positive one [17℄.
If the glueball trajetory is identied with the soft Pomeron then experimental data
suggests the interept is positive. But we do not pretend to ompare the full Regge
trajetory obtained here with experimental parameters. We do not know how to x
the sale ǫ2/3 and thus, any diret omparison is far fethed. Furthermore, as in [11℄,
quantum orretions might turn out to be ruial to modify the interept.
8 9 10 11 12 13 14 15 16 17 18 19 20
t
0
0.5
1
1.5
2
2.5
3
J
0++
1- -
2++
Figure 2: Glueball trajetory. The mass squared, t, is measured in units of ǫ
4/3
g2sα
′2M2
.
5 Conlusions
We have alulated the mass of the spin 2 glueball in the Klebanov-Strassler bak-
ground. We nd m2(2++) = 18.33 ǫ
4/3
g2sα
′2M2
. We showed that the Regge trajetory
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obtained is linear with a slope of 0.23 ( g
2
sα
′2M2
ǫ4/3
). Comparison of mass ratios with lattie
results is in agreement within one sigma error. The interept of the Regge trajetory
found is negative. We expet that quantum orretions will modify the value of the
interept and will make the trajetory non-linear. It would be interesting to study this
issue in detail.
Aknowledgments
We are indebted to Rafael Hernández for disussions and for omments on the manusript.
We are also grateful to Leopoldo Pando-Zayas for useful disussions and to Colin Morn-
ingstar for orrespondene. The work of E.C. is supported by Mexio's National Coun-
il of Siene and Tehnology (CONACyT) and that of X.A. by a graduate student
fellowship from Mexio's Oe of Publi Eduation (SEP).
Appendix A
In this appendix we will show some details of the derivation of (10). After expanding
in spherial harmonis the equation to be solved is,
− 1
2
∇λ∇λhij(τ, x¯) + 1
2
∇l∇ihlj(τ, x¯) + 1
2
∇l∇jhli(τ, x¯) =
(
g2s
96
(
1
5
⋆FKS5 · ⋆FKS5
)
− g
2
s
48
HKS3 ·HKS3 −
1
48
FKS3 · FKS3
)
hij(τ, x¯) (A-1)
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where x¯ denotes worldvolume oordinates (x1, x2, x3, x4), τ is the radial oordinate and the
ovariant derivative is with respet to the metri
ds210 = h
−1/2(τ)dxndxn + h
1/2(τ)ds26, (A-2)
h(τ) = (gsMα
′)222/3ǫ−8/3I(τ) I(τ) ≡
∫
∞
τ
dx
(x coth x− 1)(sinh(2x)− 2x)1/3
sinh2 x
We will work in the basis {τ, g1, g2, g3, g4, g5} where the deformed onifold metri is
diagonal,
ds6
2 =
1
2
ǫ4/3K(τ)
[
1
3K3(τ)
(d2τ + (g5)2) + cosh2(
τ
2
)[(g3)2 + (g4)2]
+ sinh2(
τ
2
)[(g1)2 + (g2)2]
]
(A-3)
Note that the dimensionfull parameter ǫ and gsMα
′, appear in h(τ) and in the
deformed onifold metri. Dene Gij(τ) suh that gii(τ) = h(τ)
−1/2Gii(τ) for i = 1...4
and gµµ(τ) = h(τ)
1/2ǫ4/3Gµµ(τ) for µ = 5...10. Expliitly,
Gii(τ) = ηii i = 1...4
G66(τ) = G55(τ) =
1
6K(τ)2
G88(τ) = G77(τ) =
1
2
K(τ) cosh2(
τ
2
)
G1010(τ) = G99(τ) =
1
2
K(τ) sinh2(
τ
2
)
With this notation we obtain for the left hand side of (A-1),
− 1
2
∇λ∇λhij(τ, x¯) + 1
2
∇l∇ihlj(τ, x¯) + 1
2
∇l∇jhli(τ, x¯) = e
ikx
gsα′M
√
I(τ)G55(τ)21/3
[
−d
2hij(τ)
dτ 2
13
−
(
d ln I(τ)
dτ
+
d lnG99(τ)
dτ
+
d lnG77(τ)
dτ
)
dhij(τ)
dτ
+
(
g2sM
2α′2G55(τ)
21/3ǫ4/3
I(τ)k2 − 1
4I(τ)2
(
dI(τ)
d(τ)
)2)]
hij(τ)
(A-4)
The ve form and three form terms are,
(
1
5
⋆FKS5 · ⋆FKS5
)
hij(τ) = − e
ikx
gsα′M
√
I(τ)G55(τ)21/3
(
25/3l(τ)2
I(τ)2K(τ)4(cosh2 τ − 1)2
)
hij(τ)
(A-5)
−
(
g2s
48
HKS3 ·HKS3 +
1
48
FKS3 · FKS3
)
hij(τ) =
eikx
gsα′M
√
I(τ)G55(τ){
1
8I(τ)
[ −1
G277(τ)
((
dk(τ)
dτ
)
+ (1− F (τ))2
)
− 2
G77(τ)G99(τ)
((
dF (τ)
dτ
)2
+
1
4
(k(τ)− f(τ))2
)
− 1
G299(τ)
(
F (τ)2 +
(
df(τ)
dτ
)2)]}
hij(τ)
(A-6)
Putting together equations (A-4),(A-5) and (A-6) we obtain,
d2
dτ 2
hij (τ) + A (τ)
d
dτ
hij (τ) +
(
B (τ) +
g2sα
′2M2
21/3ǫ4/3
I(τ)G55(τ)k
2
)
hij (τ) = 0
with
A(τ) =
d ln(G99(τ))
dτ
+
d ln(G77(τ))
dτ
+
d ln I(τ)
dτ
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and
B(τ) =
−2(1/3)
8I(τ)G77(τ)2
(1− F (τ))2 − ( d
dτ
k(τ))2 − 2
1/3
16G77(τ)G99(τ)
(k(τ)− f(τ))2 +
21/3
4
(
d
dτ
F (τ))2 − 2
1/3
8I(τ)G99(τ)2
((
d
dτ
f(τ))2 + F (τ)2)
+
1
4I(τ)2
(
dI(τ)
dτ
)2
− 2
5/3l(τ)2
I(τ)2K(τ)4(cosh2 τ − 1)2 .
The expliit form of A(τ) and B(τ) in terms of hyperboli funtions is obtained by
substituting the denitions of setion (2) in the expressions above.
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